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Symmetry

Symmetry in art - harmonious or aesthetically
pleasing proportionality and balance

Symmetry in physics - guantum symmetry,
more general

Symmetry in chemistry, geology, biology - only
approximate

Symmetry in mathematics - today's theme



Symmetry in mathematics

Function f(x) Is symmetric, If there Is such
geometric transformation G that

f(x)=1(G(x))
f(x) Is then symmetric with respect to G

X — coordinates in n-dimensional space



Symmetry in mathematics
f(x)=1(G(x))
Two limit cases:

f(x) constant, G(x) arbitrary — uninteresting
f(x) arbitrary, G(x) identity — no symmetry

More than one G(X):
They create a group -
operation: composition
neutral element: identity



Class of symmetry

« Set of similar groups, they differ by a
parameter only

« Each group is applicable on different
function

Terminological remark:
symmetry group # symmetric group



Symmetry in 1D

* Reflection symmetry g, C,, D, f(a-x)=f(x-a)
- also mirror symmetry

« Translational symmetry Z f(x)=f(x+kA)

 Reflection and translation D_



Symmetry in 1D

« Scale symmetry f(x)=f(bkx)

— fractals



Symmetry in 2D

Reflection symmetry = axial symmetry

Rotational symmetry — fold number n
C,C, C; C, ... rotation by 360°/n

Dihedral symmetry — reflection + rotation
D,, D,, D3, Dy, ...

Circular symmetry D, =0(2)

— reflection + rotation by arbitrary angle



Rotational symmetry in 2D
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Rotation + reflection in 2D

+ C,,C,,Cs, C,, ...
- D,,D,, Dy, D,, ... D.

C1 - No symmetry



Frieze symmetry

* f(X,y), X — Infinite support, y — finite support
* Frieze - long stretch of painted, sculpted or
even calligraphic decoration

English: frieze —« freeze
Czech: vlys —« vlis



1. A DD

- P3PPI
T
5 ST
o JATATAS
7.

Frieze symmetry

pl11 (translation only)
plal (translation + glide reflection)

plml (translation + horizontal line reflection + glide
reflection)

pm1ll (translation + vertical line reflection)
pl12 (translation + 180° rotation)

pmaz2 (translation + 180° rotation + vertical line reflection +
glide reflection)

pmm2 (translation + 180° rotation + horizontal line
reflection + vertical line reflection + glide reflection)



Glide reflection

« Translation & reflection  f(X,y)=f(x+A,y)
f(X1y):f(X+A/2 ) _y)
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Wallpaper symmetry

Also ornamental symmetry

Translation in >1 directions + reflection +
rotation

Fold number 1,2,3,4,6

17 groups: pl, p2, pm, pg, cm, pmm, pmg,
Pgg, cmm, p4, p4m, p4g, p3, p3ml, p31m,
PG, pom



Wallpaper symmetry

Size of smallest Has reflection?
rotation Yeas Mo
360° /b pim ph
Has mirrors at 45°7

360° /4 pd
Yes: pdm MNo: pdg
Has rot. centre off mirrors?

360" /3 03
Yes: p3im MNo: p3m1

Has perpendicular reflections?
Has glide reflection?

Yes Mo
360° [ 2
Has rot. centre off mirrors?
pmg Yes: pgq MNo: p2
Yes: cmm MNo: pmm
Has glide axis off mirrors? Has glide reflection?
none

Yes: cm MNo: pm Yes: pg MNo: pf



Wallpaper symmetry

Example: pém
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Wallpaper symmetry

Example: pdg B ~\‘
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Maurits Cornelis Escher:
Angels and devils



Similarity Symmetry

« Scaling & rotation
« Scaling & translation
(@)




Similarity Symmetry

Nautilus pompilius




Other symmetries ?
Symmetry to skew f(x,y)=f(x+kAy,y)

Terminological remark:
symmetry to skew # skew symmetry

f(X,y): —f(y,X)



Unusual symmetries

Symmetry to skew f(x,y)=f(x+kAy,y)




Unusual symmetries

Projective symmetry
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Unusual symmetries

Projective symmetry




Unusual symmetries

Symmetry to Mobius transform
— projection of sphere to plane

Complex plane Real plane
Z=X+Yl X,_ac(x2+y2)+(ad +bc)x +bd
c’(X* +y°)+2cdx +d?
, az+b , (ad —bc)y

V4

ez +d y_cz(x2+y2)+2cdx+d2



Unusual symmetries

Symmetry to Mobius transform




Symmetry in 3D

Reflection symmetry — plane of symmetry

Rotational symmetry — axis of symmetry,
combination of more axes?

Translational symmetry
Others



Rotational symmetry in 3D

1 axis of n-fold rotational symmetry —
pyramids

C.,C, C;5 Cy ...

» 1 axis of n-fold symmetry + n perpendicular
axes of 2-fold symmetry — prism

D,, D,, Ds, Dy, ...
« Symmetrical polyhedra
T, 0O, |



Rotational symmetry in 3D

Tetrahedron T
— 4 axes of 3-fold symmetry,

— 3 axes of 2-fold symmetry,
total fold number 12




Rotational symmetry in 3D

Cube + Octahedron O

— 3 axes of 4-fold symmetry,
— 4 axes of 3-fold symmetry,
— 6 axes of 2-fold symmetry,
total fold number 24




Rotational symmetry in 3D

Dodecahedron + icosahedron |
— 6 axes of 5-fold symmetry,
— 10 axes of 3-fold symmetry,

— 15 axes of 2-fold symmetry,
total fold number 60




Infinite rotational symmetry in 3D

+ 1 axis of «-fold rotational symmetry
—conic C, e.qg. bottle

» 1 axis of «-fold symmetry + « axes of 2-
fold symmetry — cylinder D,

» o gxes of «-fold symmetry
— sphere K=0O(3)



Rotation + reflection in 3D

C, — n-fold rotational symmetry

C., — C,, + horizontal reflection plane
C,., — C, + nvertical reflection planes
D, — dihedral symmetry

D.,, — D, + horizontal reflection plane
Dnd B Dn + SZn

S, — rotation & reflection

Cin=Cyy Di=C, Dy=C,, D1g=Cy,



Rotation + reflection in 3D

¢ o=  C_ — Pyramidal symmetry

Do m D, — Prismatic symmetry
b o2 D,q — Antiprismatic symmetry

S e—



Rotation + reflection in 3D

- — chiral tetrahedral symmetry

T, — pyritohedral symmetry - 3 planes

T4 — full tetrahedral symmetry - 6 planes
O — chiral octahedral symmetry

O, — full octahedral symmetry - 9 planes

| — chiral icosahedral symmetry

l,, — full icosahedral symmetry - 15 planes




Rotation + reflection in 3D

Group T Group O

No reflection symmetry



Rotation + reflection in 3D

C,,C,, Cy Cyy ...

Cinr Conr Capr Cypys -

Clv’ CZV’ C3V’ C:4v’ Coov
D,, D,, D,, D,, ...

Dip Dony Dapy Dapy - Dap
D14) D2g» Dagy Dags -

S,, S Se, S ..

y h? a? O1 Oh1 |1 Ih1 K




Central symmetry

e 1D: f(x)=f(-x)
reflection

e 2D: f(x,y)=f(-x,-y)
2-fold rotational symmetry

e 3D: f(x,y,2)=f(-X,-y,-2)
reflection & rotation by 180° = group S,



Rotation + reflection +
translation in 3D
[ crystal systems
32 point groups
14 Bravalis lattices
230 space groups



Crystal systems

Fold number Point groups

triclinic n=1 C. S,

monoclinic n=2 C,, Cy, C,,

orthorhombic n=2 C,, D,, D,,

trigonal n=3 C;, C;,, D3, Dyy, S¢
tetragonal n=4 C,, C,, Cuy, D4, Dy Doy, Sy
cubic n=34 T,T,, Ty, O, O,

hexagonal n=6 C,, Cy, Cq,, Cqys Dgy D3py Dgpy



Space groups - Schonflies symbols

triclinic C,., St

monoclinic C,!3, C, .14, C,, 1°
orthorhombicC,, 22, D,19, D, 148

trigonal C,14, Cy 16, D17, Dy 16, S,1-2

1-6 1-6 1-12 1-10
tetragonal C,*°, C,*°, C, 4, D0,
1-20 1-12 1-2
D4h 1 D2d ’ S4

cubic T1-5’ Th1-7’ Td1-6’ 01-8, Ohl-lO

hexagonal Cg1 C, L, Cy b2, Cy 4, Dgts,
1-4 1-4
D3h , D6h



Bravais lattices

Bravais Parameters Simple (P) Volume Base Face
lattice centered (1) | centered (C) | centered (F)
L J
ay % ag # as
Triclinic a1y # Qg3 7 as
<
ay ;é az # as [
az3 = az; = Y0° |
Monoclinic ayp # 90° A/
a2 | {32 o M Wadl P {
2L G |
ay #ay #az
Orthorhombic a2 = agz = aa; = 90° o’) ® / ® / o ¢ o
r A
ay =ay #az
Tetragonal Qg = Qg3 = az; = 90°
a, =az =as
Trigonal 12 = (3 = aay < 120°
*_—0
Ne_
; ? °
ady = dg = dajz
Cubic 12 = (3 = (31 = 90° 0—0’
ay =ay; #as
12 = 120°
Hexagonal a3 = az; = 90°

Table 1.1: Bravais lattices in three-dimensions.




Crystal system

Triclinic (2)

Manoclinic (13)

Orthorhombic
(59)

Tetragonal (68)

Trigonal (25)

Hexagonal (27)

Cubic (36)

Point group

Hermann-
Mauguin

2/m

222

mmz2

mmm

4im
422
4mm
42m

4/mmm

32
3am

3m

6/m
622
Bmm
Bm2
B/mrmm
23
m3
432
43m

mﬁm

Schanflies

Cq

1
2
34
6-9
10-15
16-24

25-46

47-74

75-80
81-82
83-98
89-98
99-110
111122

123142

143-146
147148
149155
156-161
162-167
168-173
174
175176
177182
183-186
187-190
191-194
195-199
200-206
207-214
215-220
221-230

Space groups (international short symbol)

P1
P1
P2, P2y, C2
Pm, Pc, Cm, Cc
P2/m, P24/m, C2/m, P2/c, P24/c, C2/c
P222, P222,, P24242, P242424, C2224, C222, F222,1222, 1242424

Prmim2, Pmc24, Pcc2, Pma2, PcaZy, Pnc2, Pmn24, Pha2, PnaZy, Pnn2, Cmm2, Cmc2y, Coc2, Amm2, Aem2, Ama2 Aea2,
Frm2, Fdd2, Imm2, ka2, Ima2

Pramm, Pnnn, Pcem, Pbhan, Pmma, Pnna, Pmna, Pcca, Pham, Pcen, Phem, Prnm, Pmmn, Pben, Pbca, Pnma, Cmcm,
Cmce, Cmmm, Cocem, Cmme, Coce, Fmmm, Fddd, Immm, Ibam, lbca, Imma

P4, P4y, P4z, P4a, 14, 144
PL 14
P4/m, P4z/m, Pdin, Pdzin, 14/m, 44/a
P422 P42,2 P4422 P4,2,2, P4522 P452,2 P4:22 P4:2,2, 1422, 14,22
Pdmm, P4dbm, P4dzcm, P4znm, Pdcc, P4nc, Pdome, P4zbe, [Amm, 4em, 49md, 144cd
Pa2m, P42c, PA2ym, P42,c, PAm2, Pdc2, PAb2, PAn2, [Am2, 4c2, [42m, [42d

P4d/mmm, P4/mcec, P4/inbm, P4innc, P4/mbm, P4/mnc, P4/nmm, Pd/ncc, P4zimmc, P4z/mem, Pdz/nbc, P4z/nnm, P42/mbe,
Pdo/mnm, P4z/nme, P4z/nem, 14/mmm, 14/mcm, 144/amd, 144/acd

P3, P3;, P32 R3
P3.R3
P312, P321, P3;12, P3:21, P3;12, P3221, R32
Pam1, P31m, P3c1, P31c, R3m, Ric
P31m, P31c, P3m1, P3c1,R3m, Ric,
P6, PGy, PG5, P62, P6s, P6a
PB
P6/m, PBa/m
P622, P6122, P6:22, P22, P6.22, P22
P&mm, P6cc, PBacm, PBamc
PEm2, PEc2, P62m, PB2c
P&/mmm, P6/mcc, PBa/mecm, PBa/mmc
P23, F23,123, P243, 1243
Pm3, Pn3. Fm3, Fd3, Im3, Pa3, 1a3
P432, P4532, F432, F4,32, 1432, P4,32, P4,32, 14,32
P43m, F43m, 143m, P43n, F43c, 143d
Pm3m, Pn3n, Pm3n, Pn3m, Fm3m, Fm3c, Fd3m, Fd3c, Im3m, ladd



Crystals - examples

Gypsum:
Crystal system monoclinic
Space group C,,.° = C2/c

Aguamarine:
Crystal system hexagonal
Space group Dg,*= P6;/mmc




Helical symmetry

Examples:
Screw, DNA — double helix

Infinite helical symmetry  2-fold helical symmetry



Helical symmetry

Rotation & translation

* Infinite helical symmetry
* n-fold helical symmetry
* Non-repeating helical symmetry



Symmetries

Thank you for your attention



