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Introduction

Etastic body: <R, 4dR=UL V[
/,',' .zero dispthcements

.rw/ace Zraclions

/" bolmda;v in conlacl with the rym’ //z’me
XXk
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Introduction

After a FE diserelizalion one oblarns @ /h/'z‘e-
dimensional Mathemalical Bogram wmth
Equilibrium ConsTraints (MPE c)

minimize flu, y) )

\swé/'ecl'l‘o /ES@
xel, .
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Introduction

Jn ff) the design variable o€ /kfspecgﬁés e shape
the conlact bvoundary and the slate variable

/"'_/”r/ 4, 1) € P [P’ RL , where

p o number q/ nodes in the conlact éoxmaby
Uy - -veetor of Zangenlial displacements
Uy - vector of normal disptacements

... mu/z‘/)o&ér associaled with The
rmﬂyoenefmézz;ia/ conslraml

U+o=2 0,
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Introduction

Erﬂ;er; m (1) £rs an objective , Yy /s The
set of admissibte destgn varsabtes ﬂ'af/"f'f‘ff‘j and the

control-state map S s //‘ren f, the
generatized equalion (6E)

0e€ Aw(d) Uy + Ary ( ”9”»'[:'(‘) 7 5( “, "9
0= Ay (@) 4 + Ayy @t~ 4,() )
0€ uy+ o + %r(ﬂ)}

-~
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Introduction

where Art, Aty , Ayt/ /4,,1, are bfocks e/ Wro/r/'al‘e
restriction of SUffness malrix,
b, 4, reflect the action of extemat fores
Aol ugl
s _d 2l
Q%) i
%90 ”rll
with F>0 beinj the friction co#b/éﬁt '

and
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Outhne :
’ (i) Imptaeit 7}7’”"’"'7 Approach (ImP)

(%) Jolution of the state problem
(v5i) Com/uz‘al‘/'on)a/ .ru?md/enlfs (Yensili ﬂ

analysts

() Test exam/a/és
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Implicit Programming Approach

Assume thal

o f is conlinuous a’/;ffgreﬂt,'aéfej
* Upg 1s closed , and
o F is slf//'o/eﬂl‘ﬁ smal’,

Then S /s .s'/fy/e -vatued ana /ém/{q é/‘wcﬁ/l‘z
and (1) amounts Yo the mathemaljeal program

ZZZ:?/Z& o )/ =S, Sﬁl’)))

A€ Uy

in variable o onty.
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Implicit Programming Approach

(3) can be solved by a bundle
method 7 MY ;rar//ea’ @ 15 weak: :; sempsmoolh,
Further, for each X e (), we must be able
o to compule j-—S’(a?)) i.e., to colve a IPD
eontact problem with Coutomd fr/'c'f/'oﬂ ;
* %o compule one aré/l‘m?/ larke rubjma//ent

£ € 90(R).
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Solution of the state problem

Let us repface the muttiptier 2 in ]
bj a /Jrea’ Sbip bound jeﬁ: . Then (2) amounts

to the aplimizalion problem
? .
minimize f( u,A(#) w> = <(( ”(), ”) +ZJ?"//”; //
i=1
,swé/'ecf %o 0,

U s o,

We introduce a new variable Ve ﬂ’zfam’/wz‘
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Solution of the state problem

Then a dual problem Yo (4) attains Ve form

minimize —<,a./ m) (; ,“>
:ué/ecf to ; . /-9
17 < ;9,, , 420,

where F and h can be expressed n terms 7,/
A(X) () and .

Method of successive a,o/aroX/maZ" jons :
1°Inilialize ﬁo;P"t k:=0.

¢ Sofve () with 9 =% 2nd ‘compute thus 4= =(0} ZJ
3°Out Tiers = 2’/:/ k=kt 1 and go to 2°
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Computation of subgradients (sensitivity analysis)

Jn most MPECs S is a PC'ma,pP,‘,,f/ ie, S
/s conlinuous and for all o

S@) € {§,(&),..., S},

where S, ..., S, are conlinuoust, a%/erenf/'aé/e.

In such a case one has for the (larke gene-
ratized Jacobian JS(X) the inctusion

2S(d) = conv{V;S}(ﬁ)/ie I@'(’)}/
where
I(&): = {ie {4,2,...,2}/J(a?)=5,;(o?)}

is the index sel of aclive pieces,
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Computation of subgradients (sensitivity analysis)

Consejueni[!,
on the basis o/ the Clarke yenemd‘zéa’ Jacobian
Chain ’Pufe/ one may ,ovl"

S= gj{ijﬁ(?@(o@)@f{o@f) For some e I[)

Unfortunalely, in case of 3D contact probtem
with Coulomb /rict/'an we do not alispose with a
reprezentation of S rbwhj that 14 /s a PCT

mapping .
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Computation of subgradients (sensitivity analysis)

One could allempl to oom,bal"e @ malrix

From HS(R) according To the defpnition as
%ggﬁy@/s & differentiable ataf,
but it js nol easy Zo /'a’enz‘%v a? .s'/Z‘uaZ?oﬂS/
when S /s %Jéreﬂf/aﬁfe.
It hotds that for afl 4
(78(R))y'=com DS(@, FXH)
and so i1 .ru[/‘ces a vector /amr D@@(ﬁf(«‘,j))
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Computation of subgradients (sensitivity analysis)

Exém)a/e: SC)= ﬁ‘g/'xz( ) at its verlex, dﬂ'=ff, o)’

25(0) J* % DfS(o)(f)

(e om/ouz‘al'/'an 7 Z’Sﬁa
(2) has the form

0 € Fix, /v) + &(y)
which yre bds

5(0()‘{#/[-/{(«,/)]59’4}.
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Computation of subgradients (sensitivity analysis)

Theoremd. Y F is sufficientty smalt, then (2)
mz‘is//es the xtranj re;a/ar/, condition at

aft points (a’,(y‘), where &€ Ly ana’]=6’(a?).
Consejueni[ac/ , for a% dy*

P51 < fRFIE v e oo+
Pkl ‘ 1 205,-FE )
Egua m:y holde /prow'dea/ 7r6? /8 lm'ma% reg. al [I';-FA,’ ,‘))
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Computation of subgradients (sensitivity analysis)

For the purpose zy ecompuZation of D’Q we wit
reorder y as (4 Yires, ) g(ﬁ’)P with

S8, 4, ) e F5 Pr R, i=12,.,p
and reorganize accordingly the bines in (2),
The ma/fiZ/adzea’ /wZ' aia{w Yhen the form

109, . [Fa'a) 4
Qly) = f(}) wth 3(y) = 227 o

#(y") Ne, (%)
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Computation of subgradients (sensitivity analysis)

Consequently, wilh b =(b’, bz,...,ép_)egfy) _—
b*= (é:’é;?. ” ff) ’}I"= /’,’]‘;z ./}/*/’) one has
SR, 8)(8) <> e DBYIL)(E)
Sforc=12..,p.
S, 1t suffices to consider the 1th node and invest.
gale the magping
|G| emiatid
2
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Computation of subgradients (sensitivity analysis)

We assume. for .r/mp&c/t] that F= 1, omit the index
¢ and pul by = (é,,é) The position of G:b)
in G& is spc /ea’ in the /a/’/om;g/ Zabtle:

slrong contact | weak contact
A >0, 4=0|2=0, b=0
:&H/ﬁ} e
wro| Mo oM f{
0 e mrmee M

14, l-=2, i .'.'.'.‘-.'.:'::_".-’.'-'.:I:' 7‘
.s'tro ‘
-fz/c / i

P10 ca”z‘,actﬁ
=0 <0
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Computation of subgradients (sensitivity analysis)

Simple cases (M,/ L,M}):
@ 1 a "fijééofiooa’ U of the reference poz‘nf
(g, iy, 2, b, Z;, g, E,)e: g;—é sueh thal
wt 0,4>0, b," Tugy, b=0 o Fr8nL.

Consequent. r= (Il';,_)?' v gy U,
g% S ¥ |
e | g EmE g ) 0
(v& (% 5,3%8)= |1l * Tah*°
0 0 o 0
— ‘—l—l
~ //atTrll //"'r;‘// 0 aj .
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Computation of subgradients (sensitivity analysis)

O Fa ne/j/:éoréom’ U of the rg/ereﬂc'e /omZ'
(%, @y,2, 8, &,, ,b,) €gr§ such that

A=0, by = 0, <0 m grEok.

2 llows #ml‘
- - = = 4 -
Aé@(”r,”»,w)=f/f,7)€"”*k f=4=6%0,
»3Y.
Hence,

I3, 5,7, D))= P TR f 170

& otherwise.
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Computation of subgradients (sensitivity analysis)

@ Fa neijééaréaac/ U of the r'?/erence point
such thal

4=0,2>014)<2, 4=0 oGPk
Tt follows thal
N,vs(%,%,7,5)={E p)e R R | 5= 57, 357
Hence,

" i R x Rx fo}x fo} if 979,=0
D8(%,5,% B)p) =< /vy

¢ olhewise.
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Computation of subgradients (sensitivity analysis)

@ / weak conl‘act/ s&'d/'ﬂy)

ﬁofosi tion2. Let
Flx,9,2) = [G(W)}

l-/(/v,z) )
where G, H are c/bred-jre}a/z mw/z‘%mcf/ons.
Assume that "
d4 il —
[32]5 F(X/J/z))

and the Zaaﬁf‘cat/on eondlsLions
[%.] € D630 & [ P20 =%~
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Computation of subgradients (sensitivity analysis)

Then one has
D*F(f,j, Z)(d,d,) < {ﬁ*’n vt i W) |
(4, 1) € DE(E X4, (,0) € W52 4)
I 6 is conﬁnumﬁ differenliabte, then
DF, §,2)(d; dy) =

{ (0615, 7l 5605, ), P2
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Computation of subgradients (sensitivity analysis)

?apo:/'tion_\? - Let the reference point (7,2),
7 =(z,a,3) belong to 'My.7hen one has

[0

0

-

8(7,5)()={

0

—

o +* "_-__h' et W

L N iaef] 7 T //'Z |
R /nrow'a’ed "= 0 ppre @cﬁ,yj, gvial,

2 G[K. provided 4,< 0 p
0 otherwise, : /‘4

7
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Computation of subgradients (sensitivity analysis)

Remark. By approaching (7,5) via L we defele
the conlacl condilion which has no influence.
This leads to the simplesl adjoinl CE and
there/bre this option #has been used in the
compuler code. Zy qpproachsn Q‘,Z) via M,
the contactl condilion amounts %o an ggm&"z},
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Computation of subgradients (sensitivity analysis)

(strang contact, weak sticking) )
7’ro/00:/2‘/'0” g. Cﬁ{;de’ a poink (f/’, b ) ﬁom /{?
and pul w= g (6'«52 _ Then one has

oG- 1708 420,470, fza,ff)ef_ﬁ;f)}
< uflbn)e R R| %€ wh=0,470 7.0
i uflep eRR|470,4%70, 17

G U e RRIGDG 0 )R]
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Computation of subgradients (sensitivity analysis)

Femark. The ﬁ'r.ri' tvo _Jets exhaust accumulalion
points 00[ sequences f(’/)yf‘) sueh that

) D @) 26
§P=(r @« ”»?2()))7 ),
/btoridec/ llg)—-) 0O and A 7 >0.
Kemark. 3’;/ a,b/oroaaé/}y (01%) via M} we oo not

have to do wilh w and g€t a simpte /brma/a.

Hence, this a,bZ‘/‘on is  ysed jn the eompuler
codle. :
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Computation of subgradients (sensitivity analysis)

JPuslralion of the above result in 2D,

where
2.0/ ug|
¥(ve, 4 2')-[ 7 C]
Ng,(2)

1sl Termv
3rd term
——  Yth term

The ond term does not have an anatoque in
the 2D {pogyéedrat) case. '

J.V. Outrata Shape optimization in 3D contact problems with Coulomb friction



Test examples

Hooy) =14 - 51

where 1, is a 'desired " vector of normal
stresses on the contacl boundary.
The control veclor o /‘6,0’”6-96/71?5 controt }"""”t’

a/ Bezier wg/bee.
Yod co/ﬂ/:r/;res Yhe conslranl

vof ﬁ:?(d)) = const.
and constraints restr/'ct/';y the stoppes of L.
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Test examples

Diseretizalion : 25 x {2 xalz f 2600 ﬁoﬂ’eQ
P =300 (1200 cdale Var/'a&&.f)
dimof = 32

J'top/:inoq criterion . €= /0"
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Test examples

Example: min || X, — A |13, e==130—

Target normal stress (left) and normal stress for initial design (right).
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Test examples

Optimal design (left) and normal stress for optimal design (right).

H-»fp.-frrf
I R e
il e
S TG
b e e
SRR e NG

Index sets for optimal design.




Open questions and further plans

Open 24/8:[ /ons

1) Semismoothness a/ S
2) DS vn the case of M, exaez‘ﬁ.

Farther p/’ans

) T repface BT &y a Faslep solber,
2) To rewrite aft parls of the code do one /b'ywaje,
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